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Abstract
The inverse time ordered Green’s function is defined in a covariant three-dimensional formal-
ism using the diagram approach. The equation of motion of a two-quark composite system in an
external electromagnetic field up to the second order in the field strength is obtained. The polariz-
ability of the pi-meson is calculated using this formalism. The mean square radius of the two-quark
system is calculated from the wave functions of the system. In addition, radiative corrections are
calculated for both the polarizability and the mean square radius.
Large attention is recently devoted to the electromagnetic characteristics of hadrons
described as composite systems [1]. The polarizability is an particular important
observable among the set of the electromagnetic characteristics, since it is very sensitive
to the model used to describe the interactions of quarks [2, 3]. Numerical evaluations
using these models have shown that for example the polarizability of π-mesons probes
the contributions of relativistic corrections.
The description of the electromagnetic behaviour of relativistic coupled systems
within the framework of relativistic quantum mechanics faces large difficulties stipu-
lated by the necessity of the correct treatment of the motion of the center of mass
and the relative motion of the system due to the interaction with an electromagnetic
field [4]. For the description of coupled systems on the basis of the diagram approach
the covariant four-dimensional Bethe-Salpeter equations are obtained. However, their
practical usage is accompanied due to a lot of difficulties [5]. Therefore for the solu-
tion of a particular problem usually the three dimensional Bethe-Salpeter equations
are used. In these equations vertex state functions of the system of two particles are
projected onto the surface of equal time in the system of center of mass [5, 6]. Such
an approach has been successfully performed for the description of bound states of
particles in external electromagnetic fields [2], [5], [7].
In quantum field theory the formula for the electrical polarizability of π-mesons, α,
is obtained using low-energy theorems of the Compton scattering amplitude, and has
the following form [8]:
α = α0 +∆α, (1)
where
α0 = 2
∑
s 6=n
∣∣∣〈 ddp 〈n →p ∣∣∣ Jˆ0 |s0〉∣∣∣2→p=0
Es0 −M
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and
∆α =
e2
〈
r2
〉
3M
.
In expression (1) Jˆ0 is the zero component of the operator of a 4-current vector, M is
the mass of a ground state of the coupled system, Es0 is the energy of the system which
is distinct from ground states, ~p is the momentum of n-th exited state of the system
and
〈
r2
〉
is the mean square charge radius of the π-meson. As can be seen from eqn.
(1), the summation of all contributions from the corresponding matrix elements of the
currents for transitions to intermediate states is necessary. Since this is practically
impossible large uncertainties in the estimation of α0 remain. It is well known that α0
can be calculated precisely for a nonrelativistic two-particle coupled system, where the
latter is described by model dependent potentials, using the nonrelativistic equations
of motion in an external electromagnetic field [8, 9].
In this paper, the equation of motion of a two-quark coupled relativistic system in
an external electromagnetic field is obtained on the basis of the diagram approach with
equal time approximation of the vertex functions for meson-quark interactions. This
equation is solved using perturbation theory. From the result the polarizability of the
relativistic system is obtained in the same way as for the electrical polarizability of the
hydrogen atom in nonrelativistic quantum mechanics [8, 9]. Let’s now calculate the
mean square charge radius of the π-meson in the composite quark model. The quarks
are assumed to be pointlike charged scalars and the vertex function of the meson-quark
interaction is not dependent on the energy of the system.
In this case the form factor of the π-meson in the Breit frame can be written as [7]:
F (~k2) = π
∫
d
→
p1 d
→
p
′
1 d
→
p2 d
→
p
′
2 Γ2(
→
p
′
1,
→
p
′
2)
· G(1)(
→
p
′
1,
→
p
′
2 |
→
p1,
→
p2)Γ1(
→
p1,
→
p2), (2)
Where Γ1 and Γ2 are the meson-quark vertex functions, G
(1) is the Green’s function of
the interaction of the electromagnetic fields with the two-particle system in the first
order of the coupling constant,
→
pn and
→
p
′
n are the momenta of particles before and
after interaction. Using the methods of the diagram approach it can be shown that
G(1) = G
(1)
1 + G
(1)
2 ,
where the Green’s function for the interaction between a photon and a quark with a
charge e1 is given by:
G
(1)
1 =
π
i
(2π)6
2E1E2
(−4) e1E1a01p0 (Σ + Σ
′)
(Σ2 − p20) (Σ
′2 − p20) (E1 + E
′
1)
, (3)
and the Green’s function G
(1)
2 for the interaction of a photon with a quark of a charge e2
by replacing e1 → e2, E1 ↔ E2, E
′
1 ↔ E
′
2. In expression (3) Σ = E1+E2, Σ
′ = E ′1+E2
and a01 is the scalar potential of the electromagnetic field.
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Let’s now replace in expression (2) the vertex functions by wave functions Ψ of
the two-quark system. For this purpose we use the inverse Green’s function of two
noninteracting particles:
G(0)−1 =
i
(2π)6
E1E2
(
Σ2 − p20
)
πΣ
. (4)
The vertex function is expressed through the wave function as follows:
Γ = G(0)−1Ψ. (5)
The wave function in expression (5) satisfies the equation:
(
p20 − Σ
2
)
Ψ
(
→
p1,
→
p2
)
=
∫
d
→
p
′
1 d
→
p
′
2 I
(
→
p1,
→
p2;
→
p
′
1,
→
p
′
2
)
Ψ
(
→
p
′
1,
→
p
′
2
)
, (6)
Where I is the kernel of the interaction. Substituting (4) and (5) into equation (2)
and taking into account the decomposition
F (~k2) ≃ 1−
1
6
〈
r2
〉
~k2, (7)
we get for
〈
r2
〉
the expression
〈
r2
〉
=
∫
d
→
q Ψ+
(→
q
)
−14 →∂
2
q +
3
64
→
q
2
E4q

Ψ
(→
q
)
, (8)
where Ψ is the wave function of the two-quark coupled system, ~q is the relative two-
quark momentum and E4q = (
→
q
2
+ m2)2. In equation (8) the first term equals the
nonrelativistic expression obtained for
〈
r2
〉
and the second represents the relativistic
correction.
For the calculation of the polarizability of the two-quark system using wave func-
tions the equation of motion of the system in the electromagnetic field is necessary.
For this purpose we determine an inverse Green’s function in the second order on the
value of strength of the electromagnetic field. From the relation
G−1G = 1 (9)
follows that the inverse Green’s function G−1 can be represented as a decomposition
as follows:
G−1 = b(0) + b(1) + b(2). (10)
In this expression
b(0) = G(0)−1, b(1) = −G(0)−1G(1)G(0)−1,
b(2) = G(0)−1G(1)G(0)−1G(1)G(0)−1 − G(0)−1G(2)G(0)−1 = b
(2)
1 + b
(2)
2 . (11)
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The functions G(0),G(1) and G(2) are the Green’s functions of the zero’s, first and second
orders, respectively, of the electromagnetic field strength ~E . These functions we calcu-
late using the diagram approach in the time ordered approximation. As follows from
expressions (11), the sum contributions of the diagrams describing the process, when
one quark interacts with the photon, and the another radiates, is equal to zero. Thus,
the inverse Green’s function (10), and, therefore, the equation of motion are defined
only by the contribution of amplitudes from the diagrams of Compton scattering pho-
tons on separate quarks. This results from the relativistic momentum approximation
of the interaction between photons with the composite system.
As follows from expression for a Green function (10) the equation of motion of the
system consisting of two charged particles in the external electrostatic field takes the
form: (
G−1 − V
)
Ψ = 0. (12)
The following denotations are used:
G−1Ψ =
{
(E1 + E2 − p0) + ie1
→
E
→
∇p1 +ie2
→
E
→
∇p2
−i2e21EiEj
(2E1 + E2 − p0)
(
2m21δij − 3p1ip1j
)
8E61
−i2e22EiEj
(E1 + 2E2 − p0)
(
2m22δij − 3p2ip2j
)
8E62
}
Ψ
(
→
p1
→
p2
)
;
VΨ
(
→
p1
→
p2
)
=
∫
V
(
→
p1
→
p2;
→
p1
′→
p2
′
)
Ψ
(
→
p1
′→
p2
′
)
d
→
p1
′
d
→
p2
′
, (13)
where V is the effective potential of the quark interaction.
As follows from the relativistic equation (12) and perturbation theory, the correction
to the energy of the ground state is proportional to the second order of the electrostatic
field strength is defined by:
△E(2)n = −2πα
→
E
2
= 〈n| Wˆ (1)
∣∣∣ϕ(1)n 〉+ 〈n| Wˆ (2) |n〉 . (14)
In expression (14) α is the electrical polarizability; Wˆ (1) and Wˆ (2) are the matrix
elements of operators of the perturbation, corresponding to the first and second ap-
proximations on the field strength, which are defined in equation (12); ϕ
(1)
n is the wave
function satisfying equation (12) in the first order on the value of ~E . The calculation
of a wave function ϕ
(1)
n is possible for defined potentials of interaction between quarks.
As it is visible from equation (14), the first term contains nonrelativistic expression of
the polarizability. The second term describes the relativistic corrections. Calculations
using Coulomb or oscillator potentials show that these contributions are essential.
The inverse time ordered Green’s function is defined in a covariant three-dimensional
formalism using the diagram approach. The equation of motion of a two-quark com-
posite system in an external electromagnetic field up to the second order in the field
4
strength is obtained. The polarizability of the π-meson is calculated using this for-
malism. The mean square radius of the two-quark system is calculated from the wave
functions of the system. In addition, radiative corrections are calculated for both the
polarizability and the mean square radius.
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